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2.2 Painlev\’e
Painlev\’e Fuchs Weierstrass $\wp$ . Painleve’
$q= \frac{1}{2(e_{2}-e_{1})^{1/2}}\int_{\infty}^{\lambda}\frac{dz}{\sqrt{z(z-1)(z-\lambda)}}$ (5)
$\lambdaarrow q$ ( Manin




. $e_{1}$ , e2, $e_{3}$






$z= \frac{\wp(u)-e_{1}}{e_{2}-e_{1}}$ , $y= \frac{\wp’(u)}{2(e_{3}-e_{1})^{3/2}}$ , (10)
.
$u=\omega_{1}$ $rightarrow$ $z=0$ ,
$u=\omega_{2}$ – $z=1$ ,
$u=\omega_{3}$ – $z=t$
Fuchs $z=0,1,$ $t$
. $z=\infty$ $u=\omega_{0}=0$ .
(2) .
$t(1-t)\mathcal{L}_{t}(2(e_{2}-e_{1})^{12}q)$







( $j,$ $k,$ $\ell$ t 1, 2, 3 )
$\frac{(e_{2}-e_{1})^{3/2}}{2}\wp’(q+\omega_{n})$ $(n=1,2,3)$
. Fuchs $\lambdaarrow q$
$t(1-t)\mathcal{L}_{t}$ (2(e2-e l/2q) $= \frac{1}{2}(e_{2}-e_{1})^{-3/2}\sum_{n=0}^{3}\alpha_{n}\wp(q+\omega_{n})$ (13)
.
$\alpha_{0}=\alpha,$ $\alpha_{1}=-\beta,$ $\alpha_{2}=\gamma,$ $\alpha_{3}=-\delta+1/2$ (14)
. Painleve’ ( Manin ) .
2.3 Manin
Manin $tarrow\tau$ . $t$ $\tau$
$t= \frac{e_{3}-e_{1}}{e_{2}-e_{1}}$ . (15)
( $e_{n}$ $\wp$ $\tau$ ).
. $t$ Jacobi
, $\tau$ . Manin
Jacobia$\mathrm{n}$ $\hslash\grave{\grave{>}}$
$\frac{d\tau}{dt}=\frac{\pi i}{t(t-1)(e_{2}-e_{1})}$ , (16)
. Picard-Fuchs $\tau$
$(e_{2}-e_{1})^{3/2}t(1-t) \circ \mathcal{L}_{t}\circ(e_{2}-e_{1})^{1/2}=(\pi i)^{2}\frac{d^{2}}{d\tau^{2}}$ (17)
( $\circ$ ). (13)




$2 \pi\dot{i}\frac{dq}{d\tau}=\frac{\partial \mathcal{H}}{\partial p}$ , $2 \pi\dot{\iota}\frac{dp}{d\tau}=-\frac{\partial \mathcal{H}}{\partial q}$ (19)
. Hamiltonian
$\mathcal{H}=\frac{p^{2}}{2}-\sum_{n=0}^{3}\alpha_{n}\wp(q+\omega_{n})$ . (20)
. Hamiltonian $\wp$ $\tau$ ( Hamilton
) .
2.4 Inozemtsev




$\ovalbox{\tt\small REJECT}=\frac{\partial \mathcal{H}}{\partial p_{j}}$, $\frac{dp_{j}}{dt}=-\frac{m}{\partial q_{j}}$ (22)
. $g_{0},$ $\ldots,$ $g_{4}$ , $\wp$ $\tau$
. . Inozemstev Calogero
( ).
Manin Hamiltonian Inozemtsev Hamiltonian $\ell=1$
( ). Levin Olshanetsky
. , Manin $\tau$
( ), . $\ell$ , Manin
,








$\mathrm{P}_{\mathrm{V}1}$ $arrow$ $\mathrm{P}_{\mathrm{V}}$ $arrow$ $\mathrm{P}_{1\mathrm{V}}$
$\downarrow$ $\downarrow$
$\mathrm{P}_{\mathrm{I}\mathrm{I}\mathrm{I}}$ $arrow$ $\mathrm{P}_{\mathrm{I}\mathrm{I}}$ $arrow$ $\mathrm{P}_{\mathrm{I}}$
. , $\mathrm{V}$ $\mathrm{V}\mathrm{I}$
. , Inozemtsev





. Fuchs $\cdot$ Painlev\’e . Manin $\mathrm{V}$ .
3.1 $\mathrm{V}$ Fuchs
Painleve’ $\mathrm{V}$ $(\mathrm{P}_{\mathrm{V}})$ .
$\frac{d^{2}\lambda}{dt^{2}}$
$=$ $( \frac{1}{2\lambda}+\frac{1}{\lambda-1})(\frac{d\lambda}{dt})^{2}-\frac{1}{t}\frac{d\lambda}{dt}$
$+ \frac{\lambda(\lambda-1)^{2}}{t^{2}}(\alpha+\frac{\beta}{t^{2}}+\frac{\gamma t}{(\lambda-1)^{2}}+\frac{\delta t^{2}(\lambda+1)}{(\lambda-1)^{3}})$ . (24)
$\mathrm{V}\mathrm{I}$
$t=1+\epsilon\tilde{t}$, $\alpha=\tilde{\alpha}$ , $\beta=\tilde{\beta}$ , $\gamma=\frac{\tilde{\gamma}}{\epsilon}-\frac{\tilde{\delta}}{\epsilon^{2}}$, $\delta=\frac{\tilde{\delta}}{\epsilon^{2}}$ (25)
$\tilde{\alpha},$













$(t \frac{d}{dt})^{2}\int_{\infty}^{\lambda}\frac{dz}{\sqrt{z}(z-1)}=\sqrt{\lambda}(\lambda-1)(\alpha+\frac{\beta}{\lambda^{2}}+\frac{\gamma t}{(\lambda-1)^{2}}+\frac{\delta t^{2}(\lambda+1)}{(\lambda-1)^{3}})$ (26)
( $\ovalbox{\tt\small REJECT}’\$ $\tilde{\alpha},$ $\ldots,\tilde{\delta}$ $\tilde{t}$ $\alpha,$ $\ldots,$ $\delta$ $t$ ).
3.2 $\mathrm{V}$ Manin
(26)
$q= \int_{\infty}^{\lambda}\frac{dz}{\sqrt{z}(z-1)}$ . (27)
$\lambdaarrow q$ . $\mathrm{V}\mathrm{I}$
$q= \frac{1}{2\pi i}\int_{\infty}^{\lambda}\frac{dz}{\sqrt{z}(z-1)}$













. , $\coth 2$ .
, ${\rm Im}\tauarrow\infty$ . ,
(Iwasaki [19]).
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$q$ Fuchs (26) .
$\sqrt{\lambda}(\lambda-1)$ $=$ $- \frac{\cosh(q/2)}{\sinh^{3}(q/2)}$ ,
$\sqrt{\lambda}(\lambda-1)\frac{1}{\lambda^{2}}$ $=$ $- \frac{\sinh(q/2)}{\cosh^{3}(q/2)}$ ,
$\sqrt{\lambda}(\lambda-1)\frac{1}{(\lambda-1)^{2}}$ $=$ $- \frac{1}{2}$ s.nh(q),
$\sqrt{\lambda}(\lambda-1)\frac{(\lambda+1)}{(\lambda-1)^{3}}$ $=$ $- \frac{\lambda^{3/2}+\lambda^{1/2}}{(\lambda-1)^{2}}=-\frac{1}{4}\sinh(2q)$
,
$(t \frac{d}{dt})^{2}q=-\frac{\partial V(q)}{\partial q}$ (30)
. $V(q)$ [
$V(q)=- \frac{\alpha}{\sinh^{2}(q/2)}-\frac{\beta}{\cosh^{2}(q/2)}+\frac{\gamma t}{2}\cosh(q)+\frac{\delta t^{2}}{8}\cosh(2q)$ (31)
. $\mathrm{V}$ Manin .
Hamiltonian $?t=p^{2}/2+V(q)$ Hamilton
$t \frac{dq}{dt}=\frac{\partial \mathcal{H}}{\partial p}$ , $t \frac{dp}{dt}=-\frac{\partial \mathcal{H}}{\partial q}$ (32)
. $\log t$ Hamilton .
Inozemtsev Hamiltonian
$\mathcal{H}=\frac{p^{2}}{2}-\frac{\alpha}{\sinh^{2}(q/2)}-\frac{\beta}{\cosh^{2}(q/2)}+\frac{\gamma t}{2}\cosh(q)+\frac{\delta t^{2}}{8}\cosh(2q)$ (33)
( Levi Wojciechowski Calogero
[20] ).
$\mathcal{H}$ $=$ $\sum_{j=1}^{l}(\frac{p_{j}^{2}}{2}+\frac{g_{0}^{2}}{\sinh^{2}(q_{j}/2)}+\frac{g_{1}^{2}}{\cosh^{2}(q_{j}/2)}+g_{2}^{2}\cosh(q_{j})+g_{3}^{2}\cosh(2q_{j}))$
$+g_{4}^{2} \sum_{j\neq k}(\frac{1}{\sinh^{2}((q_{j}-q_{k})/2)}+\frac{1}{\sinh^{2}((q_{j}+q_{k})/2)})$ (34)
. Hamiltonian $\ell=1$ (
) . $t$ ‘. .
3.3
$\mathrm{I}\mathrm{V}$ Painlev\’e Fuchs Manin





. $\mathrm{I}\mathrm{V}$ . I .
$\mathrm{V}\mathrm{I}$ . $\mathrm{V}$ $(d\lambda/dt)^{2}$ . $q$
$\frac{1}{\sqrt{z(z-1)(z-t)}}$ $=$ $\exp[-\int\frac{1}{2}(\frac{1}{z}+\frac{1}{z-1}+\frac{1}{z-t})dz]$ ,
























$\frac{dq}{dt}=\frac{\partial \mathcal{H}}{\partial p}$ , $\frac{dp}{dt}=-\frac{\partial \mathcal{H}}{\partial q}$ (45)
. Hamiltonian
$\mathcal{H}=\frac{p^{2}}{2}-\frac{1}{2}(\frac{q}{2})^{6}-2t(\frac{q}{2})^{4}-2(t^{2}-\alpha)(\frac{q}{2})^{2}+\beta(\frac{q}{2})^{-2}$ (46)
. Hamiltonian Levi . Wojciechowski Inozemtsev
.
$\mathcal{H}=\sum_{j=1}^{\ell}(\frac{p_{j}^{2}}{2}+g_{0}^{2}q_{j}^{6}+g_{1}^{2}q_{j}^{4}+g_{2}^{2}q_{j}^{2}+g_{3}^{2}q_{j}^{-2})+g_{4}^{2}\sum_{j\neq k}(\frac{1}{(q_{j}-q_{k})^{2}}-\frac{1}{(q_{j}+q_{k})^{2}})$ (47)










$(t \frac{d}{dt})^{2}q=-\frac{\partial V(q)}{\partial q}$ (51)
.
$V(q)=- \frac{\alpha}{4}e^{q}+\frac{\beta t}{4}e^{-q}-\frac{\gamma}{8}e^{2q}+\frac{\delta t^{2}}{8}e^{-2q}$ . (52)
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Hamilton
$t \frac{dq}{dt}=\frac{\partial \mathcal{H}}{\partial p}$ , $t \frac{dp}{dt}=-\frac{\partial \mathcal{H}}{\partial q}$ (53)
. $\log t$ $\mathrm{V}$ . Hamiltonian
$\mathcal{H}=\frac{p^{2}}{2}-\frac{\alpha}{4}e^{q}+\frac{\beta t}{4}e^{-q}-\frac{\gamma}{8}e^{2q}+\frac{\delta t^{2}}{8}e^{-2q}$ (54)
. Inozemtsev Hamiltonian .
Hamiltonian ( $\ell$








$\frac{d\lambda}{dt}=\frac{\partial H}{\partial\mu}$ , $\frac{d\lambda}{dt}=-\frac{\partial H}{\partial\lambda}$
Hamilton . Hamilton ,
( $\lambda,$ $\mu$ )
Hamiltonian (OkamOtO[17]) .
$H= \frac{\lambda(\lambda-1)(\lambda-t)}{t(t-1)}[\mu^{2}-(\frac{\kappa_{0}}{\lambda}+\frac{\kappa_{1}}{\lambda-1}+\frac{\theta-1}{\lambda-t})\mu+\frac{\kappa}{\lambda(\lambda-1)}]$ .
$\mathrm{V}$ $H= \frac{\lambda(\lambda-1)^{2}}{t}[\mu^{2}-(\frac{\kappa_{0}}{\lambda}+\frac{\theta_{1}}{\lambda-1}-\frac{\eta_{1}t}{(\lambda-1)^{2}})\mu+\frac{\kappa}{\lambda(\lambda-1)}]$ .
$\mathrm{I}\mathrm{V}$ $H=2 \lambda[\mu^{2}-(\frac{\lambda}{2}+t+\frac{\kappa_{0}}{\lambda})\mu+\frac{\theta_{\infty}}{2}]$ .
I $H= \frac{\lambda^{2}}{t}[\mu^{2}-(\eta_{\infty}+\frac{\theta_{0}}{\lambda}-\frac{\eta_{0}t}{\lambda^{2}})\mu+\frac{\eta_{\infty}(\theta_{0}+\theta_{\infty})}{2\lambda}]$ .
$\mathrm{I}\mathrm{I}$ $H= \frac{\mu^{2}}{2}-(\lambda^{2}+\frac{t}{2})\mu-(\alpha+\frac{1}{2})\lambda$ .





Inozemtsev $q$ $\lambda$ $(q,p)$ $(\lambda, \mu)$
. $\mathrm{V}\mathrm{I}$
.




. $\lambda$ $q$ (7) . $\lambda$ $t$
$\frac{d\lambda}{dt}=(\frac{\wp(q)}{e_{2}-e_{1}},\frac{dq}{d\tau}+f_{\tau}(q))\frac{d\tau}{dt}$ (57)
.
$f(u)= \frac{\wp(u)-e_{1}}{e_{2}-e_{1}}$ , $f_{\tau}(u)= \frac{\partial f(u)}{\partial\tau}$ .
$\mathrm{V}^{\mathrm{a}}=$ . $dq/d\tau$ (
$\frac{dq}{d\tau}=\frac{1}{2\pi i}\frac{\partial \mathcal{H}}{\partial p}=\frac{p}{2\pi i}$ (58)
. $d\tau/dt$ (16) . $\mu$ $q,p,$ $\tau$
$\mu$ $=$ $\frac{e_{2}-e_{1}}{\wp’(q)}p+\frac{2\pi i(e_{2}-e_{1})^{2}}{\wp’(q)^{2}}f_{\tau}(q)$
$+ \frac{e_{2}-e_{1}}{2}(\frac{\kappa_{0}}{\wp(q)-e_{1}}+\frac{\kappa_{1}}{\wp(q)-e_{2}}+\frac{\theta-1}{\wp(q)-e_{3}})$ (59)
.
(59) (7) $(q,p)arrow(\lambda, \mu)$
.








, I , Hamiltonian
$\mathcal{H}=\frac{p^{2}}{2}+V(q)$
. I , .




(I Hamiltonian ) Calogero
, Hamiltonian Hamiltonian $\mathcal{H}$ Painleve’
. ,
I Calogero Hamiltonian .
5 Panlev\’e
Painlev\’e Inozemtsev $(\ell=1)$ Hamilton
, Inozemtsev . , Paileve’
. .
, $2\ell$ $\lambda_{j},$ $\mu_{j}(j=1, \ldots, \ell)$ Painleve’ ,
$(\lambda_{j}, \mu_{j}),$ $(q_{j},p_{j})$ ,
Hamilton Painleve’ .
Hamiltonian $H$ ( ) ,
$H= \sum_{j=1}^{l}H_{j}+$ (63)
. $H_{j}$ $(\lambda_{j}, \mu_{j})$ Painlev\’e Hamiltonian
. $\lambda_{j}=\lambda_{k}$ Calogero ( $(\lambda_{j}-\lambda_{k})^{-2}$ )
. , $\ell$ Painlev\’e , Calogero
( ) . $\mathrm{V}\mathrm{I}$
$H$ $=$ $\sum_{j=1}^{\ell}\frac{\lambda_{j}(\lambda_{j}-1)(\lambda_{j}-t)}{t(t-1)}[\mu_{j}^{2}-(\frac{\kappa_{0}}{\lambda_{j}}+\frac{\kappa_{1}}{\lambda_{j}-1}+\frac{\theta-1}{\lambda_{j}-t})\mu_{j}+\frac{\kappa}{\lambda_{j}(\lambda_{j}-1)}]$
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